
CURVILINEAR OSCILLATIONS Ol HOLOMORPHIC FUNCTIONS

BY J. E. McMLLN

Let ] be a function with domain the open unit disc D Izl < 1 nd rnge in
the Riemnn sphere ft. We sy that the curve r C D is n rc t 1 if r k.) {1}
is Jordan rc. For n rc r t 1, let C. denote the set {a, ft: there exists s
sequence {z. C r such that z. --. 1 nd ](z.) -- a} of cluster wlues of 1, on r t
1, and let [C.! denote the diameter (in the chordal metric x(a, b)) of C.. It is
clear that ] hs limit t 1 on the arc r at 1 if nd only if IC.[ 0. We prove

THEOREM 1. ] ] i8 holomorphic in D, then either there exists an arc r at 1 such
that IC.I 0 or there exists a positive number h such that i] r is any arc at 1, then

Remark. We emphasize that h depends only on f nd the point 1 nd is in-
dependent of the rc r t 1.

Proo]. Suppose that there does not exist positive number h such that if
r is n rc t 1, then [C] >_ h. Let {r.} be sequence of rcs t 1 such that
IC.I --* 0, where C. C... By choosing subsequence of {r.} if necessary, we
my suppose that there exists a ft (possibly a ) such that

(1) [{a} k) C.I 0(n ).

Since there are only countbly many points of ft that are projections of branch
points of the Riemann surface of ] over ft, we can choose {r.} such that 0 <
r./ < r.(n >__ 1), r. ---, 0, and each component of {z’x(f(z), a) r.} has no
multiple points. Let

A.= {,z--l, <:n1-}(h {z’x((z),a) <r.}.

By noting (1) and again choosing a subsequence of {r.} .if necessary, we my
suppose that

C. C {w. "x(w, a)

and by choosing subarcs (that are rcs at 1) of the arcs r., we may suppose that
r. C A.. Then since A.+ C A.(n >_ 1), we hve

(2) C A. (m _> n).

It must be the case that either

(3) for each n there are at most two components A of A, such that there
exists m :> n such that C A,
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