GENERATING FUNCTIONS FOR POWERS OF A CERTAIN
GENERALISED SEQUENCE OF NUMBERS

By A. F. Horapam
1. Introduction. Two fundamental sequences in the theory of second-order

recurrences are the Fibonacei sequence {f,} and the Lucas sequence {a,} defined
by:

n :01 2 3 4 5 6
(1) {fu}:1 1 2 3 5 8 13
2) {a,} :2 1 3 4 7 11 18
where

a1lz+1 . 6111+1
(3) fn = fn—-l + fn——2 = o — 6
o (n > 2)
(4) an = a/n—-l + an—2 = lX? + B;‘
in which «, , 8, are the roots of * — ¢ — 1 = 0, so that
1 5 1 - 5

(5) a, = +2\/:,Bl=_”‘é£‘,ax+ﬂ1=1,alﬁl=—1»051"31: \/g

Classical extensions of these are the sequences {u,}, {v.} defined by:

©)  fw) = (0@, ) 1t = 1w =Pt = Py = Qs (s o

(7) {U,,} = {Un(p, Q)} :?)0 = 27 v = p7vn = pvn—l - qvn—2

with p® # 4q and p, q arbitrary integers. (Comments on the degenerate case
p® = 4q are made towards the end of §4.)

Another extension is defined in [4], with some obvious notational alterations,
and for arbitrary integers 7, s, by:

8) {h.) = {h(r,8)}:ho=1, by =748 hy =Ry + hyp = 1f, + sfa_i(n > 2).

Sequences (6) and (7) have long exercised interest; see for instance, Bessel-
Hagen [1], Lucas [8] and Tagiuri [10], and, for historical details, Dickson [3].
Important particular cases of them are [8],

the Fermat sequences
{{u,,(:s, 2} = {2 —1}:1371531 ---
v.G6,2}={2"+1} :235 917 --.
Received April 7, 1964.
437



