A FUNCTIONAL-DIFFERENCE EQUATION

By L. CarLITZ

1. J. A. Morrison [1] has considered the functional-difference equation

(1.1) @ — @ — B)"7'gu@) = a@ — B)"ga-s(® — 2l@ — B)"g.s(x)n > 1),

where go(x) = 1. It follows from (1.1) that, for n > 1, g,(x) is a polynomial
of degree n — 1 in x with coefficients depending on «, 8. Morrison has proved
that

12 0@ =5 )" T Drase + 1) = B0, =1+ 12,0/,

r=0 \T

It follows easily from (1.1) that
(1.3) G(@) = Go,a,8) = (@ — B)" 'gu@) (0 2=>1)

is a homogeneous polynomial of degree 2n — 1 in z, @, 8. It is of some interest
to find an explicit formula for G.(x). Now, as Morrison has observed,

(=D — a)"gu(x)
— (CZ — 6)nxn _|_ ™ g (_l)rxn-r Tz — a)r—l(x — ﬁ)r(a — ﬁ)”-2r+lgn—1<a)-

Hence, expanding the right member in powers of £ — «, we obtain a poly-
nomial expression for g,(r). However, it seems better to proceed differently.
We may put

n—1
14 G@) = 2 A"@ =B @=8""" ®=1
r=0
where A = A™ (e, B) is homogeneous of degree n in a, 8. Also put
(1.5) GW) = X G.@)1"
n=1

It is clear from (1.1) that
gn(:B) = 697»—1(6) (n Z 1)'
Since g,(8) = 1, it follows that

(1.6) g.8) =" m=0,1,2,--).
Comparison with (1.3) and (1.4) gives
1.7n M= g
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