A NOTE ON THE SINGULAR VALUES OF
THE PRODUCT OF TWO MATRICES

By Ari R. AMIr-Mo¥z

In this note we answer one of the questions which has not been established
in [1], that is, to estimate the real and imaginary singular values of the product
of two matrices.

1. Definitions and notations. For an n-by-n matrix 4, with real or complex
elements, the eigenvalues of (4 + A*)/2 and (4 — A*)/2( are respectively
called the real and imaginary singular values of A. Here A* is the conjugate
transpose of A. It is well known that A*4 and AA* have the same eigenvalues
and these eigenvalues are non-negative. The non-negative square roots of
these eigenvalues are called absolute singular values of A.

Isz: < ipforp =1, ’ky we write (]l y T ).7lc) < ('Ll y ’ik)' Given
any sequence 7; < - -+ < 1, of integers such that 7, > p for all p, let (¢, + -, ¢})
denote the strictly increasing sequence of positive integers such that

(a) @, e ) S @y, 00)

(b) (.71 y 0 :jk) < ('L{ y ° :7'7’;) whenever (.71 y * :jk)
is a strictly increasing sequence of positive integers which is < (3, , «++ , ).
It is easily seen that (¢ , - - - , %) is given by the formulas

% =1, and ¢, =min (4,,4,, — 1) for p=k—1,.--,1
[2; 2.6].

2. THEOREM. Let A and B be two n-by-n matrices with real or complex elements.
Let ay > -+ > a, be the absolute singular values of A and 8, > -+ = B, be the
absolute singular values of B. Let N, , +-- , \, be the real singular values of AB
such that

RYN =R PR

Then
(1) %61[0!.','“—1 + -+ i’ +n—1 + Oyt -1 + -+ aik'+n—l]
S Nasimme |+ oo+ [ Nwrieme |
h+h=n+p, p=1,--+,k and
(2) %ﬁn[ah"—n-)-l + cee + gt —ntl + O 7t eptl + S + ai};"—n+1]
2 | Mirimnyer |+ oo+ [ Nawri-n e |,
iza+jz>.<_n'—k+p+17 p=17"'7k7

where, for example, the sequences (¢] , --- , 1) and (2}’ , -+ - , 2}’) are the same as
in 2.6 and 2.10 of [2]. (In this theorem o and B may be interchanged.)
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