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In this paper, we determine the number of ordered pairs of commuting n by n
matrices over GF(q) and give a simple generating function for this number.
To state the main result we need some notation. For any partition r of n,

let b _> 0 denote the frequency of the part i _> 1, so that n bl q- 2b2 q-
and in the usual notation, r (lb’2b ...). Let/c0r) be the total number of
parts in r, that is,

i>_l

Let

](0) 1.

Then we hve the following theorem:

(n>_ 1),

Also,

Proo]. If A is linear transformation acting on an n-dimensional veotor
spce V (over ny field), then (see, for instance [5; 9]) V K I where

ga {v Y AV 0},

Ia { V I= A"w for some w}.
The following is n immediate consequence of this decomposition.

Lx 1. A linear trans[ormati B commutes th A i] and only i]

and (i) B(Ka) C Ka B(Ia) C Ia
(ii) B IKa commuswith A Ka ,B Ia eommuswith A Ia
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THEOREM. I] P(n, q) P(n) is the number o] ordered pairs o] (not necessarily
distinct) commuting n by n matrices with coefftcients in GF(q), then

(1) P(n) q’/(n)


