
CONVERSES OF $CHWARZS INEQUALITY

BY IICHARD BELLMAN

1. Introduction. The well-known inequality of Schwarz states that
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for any two functions u and v belonging to L2(0, 1). Without additional re-
strictions upon u and v, there is no non-trivial inequality going in the other
direction; i.e., one of the form

where k > 0.
If, however, and v are restricted o lie within certain function classes, here

do exis inequalities of he above form wih a positive eonsan dependeng
upon he classes chosen. he firs discussion of problems of his variety occurs
in ghe papers of Blasehke and Pick, [1], for ghe ease where (z) and v(z) are
concave. (An earlier paper, rank and Pick, Mahemagisehe Annalen, vol. 76
(191), p. 4, should also be eonsulged).
The purpose of his paper is o preseng a general meghod for aaeking ghese

problems which is equally applicable o oher function classes and o muli-
dimensional versions. Alghough i does no solve any particular problem
eompleely, i reduces each problem o a pargieular invesgigaion which in
some eases can be carried hrough eomplegely.
We shall begin wigh he one-dimensional ease, demonsraging

To 1. Le (z) nd v(z) be concave function of z for 0 z 1, normal-
ized bg the condiion

(a) dz 1,
(3)

Then
(b) u(O) u(1) 0, v(0) v() o.

1
(4) u(x)v(x) 4x >_ -.
This result is certainly contained in the paper of Blaschke and Pick cited

above, although apparently not explicitly stated in the above form. The
minimum is attained for

u(x) x V/, 0 _< x < 1, u(1) 0,(5)
v(x) (1 x)//g, 0 < x _< 1, v(0) 0.
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