SETS OF CONVERGENCE OF ORDINARY DIRICHLET SERIES
GEORGE BRAUER

Herzog and Piranian [1] proved that if M is a set of type F, on the unit eircle C
then there exists a Taylor series which converges on M and diverges on C — M.
In the following I shall prove the following analogue for ordinary Dirichlet series.

TueoreM. If a is any real number, and M is a set of type F, on the line L:
o = a, Where 8 = o + ir, then there exists an ordinary Dirichlet series Z;‘.’_l a.n”"’
which converges on M and diverges on L — M.

Proof. 1f the theorem is proved for « = 0, then it can easily be deduced for
an arbitrary value of «. We shall therefore assume that L is the imaginary axis.
If the set M is empty, then the series D ., (1/n)n"* has the desired properties.
The series 3 _n., 1/(n log* n)n™* constitutes an example of an ordinary Dirichlet
series which has L as its line of convergence and which converges at all points of
L. It remains to deal with the case where M is neither empty nor equal to the
entire r-axis. In this case M may be written as the union of closed sets F,
(p=1,2,---),where F, C F,,, and F, is non-empty. For each positive integer
q let

Kem = (—q + 2qm/4a)7 (m = O) L., 4°).

Let the set A, consist of those points 7u,,, on L which satisfy one of the following
conditions:

97"/2 < A(iﬂcm 1Fn)7 qw/22 < A(il"am ’ Fq-l) < Q1r/2,
)

qw/za < A(i“am ) F«—z) _<_ Q‘F/22, ) qw/2¢ < A('I:M,,,,. y Fl) S q"r/zq—lr
where A(s, F) denotes the distance between the point s and the set F. Suppose
that k, of the points iu,, are in A, ; let them be denoted by Z\,; in accordance
with the inequality

Aql < qu < )\,,3 < A < Aqk' .

Let

Culr) = 47 exp [(—ing/g)7] Z exp. ([—i(j — 1)/q]"

4%k g—1

= 2 ag;exp ([—iln, + 5)/q]7).

j=

40—

exp [(—ir/@)(7 — Ni))]

r=0

The series
@ INIOEDY E de.; exp ([—iln, + )/ql7)

constitutes a generalized Dirichlet series (i.e., a series 3 ., a, exp [—\,s], where
{\.} is a sequence of real numbers tending monotonically to infinity), at least
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