A FAMILY OF SIMPLE CONVERGENCE REGIONS FOR
CONTINUED FRACTIONS

By W. J. THrON
1. Introduction. Convergence regions for continued fractions

a4

(1.1) 1+1+T+...

with complex numbers a, as elements have recently been widely investigated.
The problem has been approached from two different directions. The investiga-
tions [5], [10] of Wall and two of his students represent one approach. Another
more geometrical method was introduced by Leighton and the author [3]. This
method has since been extended to the study of twin convergence regions [2],
[8] of continued fractions of the form K(a,/b,), see [7], and of continued fractions
of the form b, + K(1/b,), see [9]. There is a good deal of overlapping of results
between [5] and [3] and also between [7] and [10].

This paper may be regarded as a continuation of [3] and [8] in the sense that
methods and results developed in those papers will be employed here. In con-
trast to [8] in which twin convergence regions were studied we shall here be con-
cerned with simple convergence regions only.

It seems desirable to introduce besides the term convergence region also the
term conditional convergence region to mean a region A in the complex plane of
such a nature that the condition a, € A, for all n > 1, together with the condition
> |b.| = ©, where b, = 1/a, , b, = 1/a,b,-, , insures convergence of the
continued fraction (1.1). Itis known that the divergence of ) | b, | is a necessary
condition for the convergence of (1.1). Further D |b,| diverges if lim inf
a, < ». The advantage of having this concept lies in the fact that there prob-
ably are no maximal ordinary convergence regions, as ordinary convergence
regions have to be bounded. There are, however, maximal conditional con-
vergence regions; the well-known parabolic regions, see [3], [5], and [8], provide
an example. Finally it is clear that any bounded set contained in a conditional
convergence region is an ordinary convergence region.

The main results of this paper are contained in Theorem 2.1 and Theorem
4.1, respectively. In the first of these theorems a necessary condition for general
point sets (not only regions) to be “‘sets of convergence’’ for continued fractions
(1.1) is obtained in terms of the corresponding ‘“value sets”’. Theorem 4.1 con-
tains a new two parameter family of simple conditional convergence regions for
continued fractions 1 + K(—c2/1). This form was chosen because it seems to
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