DIFFERENTIABLE EVEN FUNCTIONS
By HassLer WHITNEY

An even function f(z) = f(—=z) (defined in a neighborhood of the origin) can
be expressed as a function g(z”); g(u) is determined for » > 0, but not for u < 0.
We wish to show that ¢ may be defined for « < 0 also, so that it has roughly
half as many derivatives as f. A similar result for odd functions is given.

THEOREM 1. An even function f(x) may be written as g(z°). If f is analytic, of
class C* or of class C**, g may be made analytic, of class C* or of class C*, respectively.

If f(x) = Z a;x’ is even and analytic, then a;, = 0 for 7 odd, and we may set
g(u) = D a.;u’, which is analytic.
Suppose f is even and of class C*°. Then Taylor’s formula gives

ey f@) = a0+ ad® + -+ + a,,2" 7" 4 27°6(2).
By Theorem 1 of [3], ¢ is even and continuous, and of class C** for x # 0, and
(2) lim z*¢* () = 0 k=1, --+,2s).

z—0
Set ¢(u) = ¢(—u) = ¢(u*), and
@ gw) = ao + au + -+ + a,.u" + wy(u).
Then g(2*) = f(z). To show that g is of class C*, it is sufficient to show, by
Theorem 2 of [3], that

4 lim w*y ™ (u) (k=0,:,9)

u—0

exists.
If we differentiate ¢(2*) = ¢(x) (x > 0), a simple proof by induction shows
that, for some constants «a;; ,

(5) ¢(k)(x) = Z ak,'xk_ﬁ‘b(k—i)(xz) + 2kxk1[/(k)(x2).

1<i<ik
Solving these equations in succession gives, for some B;; ,
(6) 2kxklll(k)($2) = ¢(k)(x) + E 6kix_‘¢(k_i)(m)'
1<i<k-1
Hence,

xz"\b(")(aﬁ) — OSZ; 1 Biixk—id)(k—i)(x)’

k]

and (4) for x > 0 follows from (2). Since ¢(—u) = ¥(u), the theorem is proved
for this case.
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