THE CANONICAL LINES

By CHUAN-CHIH Hsrune

1. Introduction. Associated with a point P of a surface S several covariant
lines have been defined by various authors in independent investigations of the
projective differential geometry of surfaces. Among them perhaps the most
important are the directrices of Wilczynski,' the axes of Cech,’ the edges of
Green,’ and the projective normal of Green and Fubini.* In view of the fact
that all of these lines just mentioned that pass through the point P are char-
acterized by apparently unrelated properties, it has been considered remarkable
that they all should lie in a plane. This plane is called the canonical plane.
Any line passing through the point P and lying in the canonical plane is spoken
of as a canonical line of the first kind. The reciprocal polar lines of the canonical
lines of the first kind with respect to the quadric of Lie or any quadric of the
pencil of Darboux at the point P of the surface S, dually, lie in the tangent plane
of 8 at P and pass through a common point, which is called the canonical point.
Any of these lines is spoken of as a canonical line of the second kind.

The purpose of this note is to present a new geometric characterization for a
general canonical line of each kind, and especially for the first axis of Cech.

2. Analytic basis. In ordinary space in which a point has projective homo-

. . 1 4 . . .
geneous codrdinates z, ... , ', the parametric vector equation of an analytic
non-ruled surface S is
1) z = z(u, v),

the parameters being u, v. If the asymptotic curves on the surface S are the
parametric curves, the coérdinates z satisfy a system of two partial differential
equations which can be reduced to Fubini’s canonical form

LTyu = PT + ouxu + ﬁxv )

(2)
Loy = QX + YZu + ovxv (0 = log B‘Y))

subscripts indicating partial differentiation and the coefficients being functions
of u, v which satisfy certain integrability conditions. Then the coérdinates of
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