CERTAIN CONGRUENCES INVOLVING THE BERNOULLI
NUMBERS
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In a previous paper I gave a general theorem concerning congruences in rings
which yields congruences involving Bernoulli numbers, in particular, the relation
known as Kummer’s Congruence:*

1) R"(h* — 1)’ = 0 (mod p’)

forn — 1 = j,n £ 0 (mod p — 1), where p is an odd prime, the left member is
expanded in full by the binomial theorem and then b./t is substituted for A.
The b’s are defined by the recursion formula

(b + 1)" = b, (n > 1)’

where we expand the left member by the binomial theorem and substitute by
for b*. The b’s give the Bernoulli numbers.
A number of proofs of (1) have been given, all, as far as I know, including the

restriction n # 0 (mod p — 1);in fact, a simple inspection shows that the result
does not hold when n = 0. The question naturally arises whether there is some
complementary theorem which provides for the case n = 0 (mod p — 1).
Nielsen® investigated this problem and found the relation

8§=T

| — % = ;‘::1 (—1)"+e (:) B,, (mod p),

By=(=1)""bm; w=13p-1).
To obtain this he sets

Sp(m) = 1" 4+ 2"+ -+ 4+ (m — 1)"
and employs the following relation (proved by him previously),

g (=1 (l:) Sonionu(p) = pz_lszn(l N

8=

and
Sem(p) = (=1)""Bup (mod p’) (p>3,m>1).

The result follows. Now it is not clear how this argument may be extended to
the examination of (2), modulo p“ in lieu of modulo p. But the method of my
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