
OSCILLATING FUNCTIONS

BY R. P. BOAS, JR.

1. Introduction. We may say that a function f(x) is monotonic at the point
x0 if there is a positive ti such that, whenever x0 i < xl =< x0 =< x < x0 + 5,
either f(xl) <= f(xo) <- f(x) or f(x) >= f(xo) >= f(x); a function monotonic at xo
is not necessarily monotonic in any interval containing x0. There are then
several senses in which a continuous function f(x) may be said to be every-
where oscillating" f(x) may be monotonic in no interval, almost nowhere mono-
tonic (i.e., monotonic at most at the points of a set of measure zero), monotonic
at most at the points of a countable set, or monotonic at no point. The most
natural questions of the existence of functions monotonic in no interval, be-
longing to more or less restricted classes, are settled by the functions con-
structed by P. KSpcke and A. Denioy, which are monotonic in no interval,
and not only absolutely continuous, but differentiable at every point, with
bounded derivatives. P. Hartman and R. Kershner have recently given a
simple construction of an absolutely continuous function which is monotonic
in no interval.

It is evident that an absolutely continuous function cannot be almost nowhere
monotonic, since it is surely monotonic at the points of the set where its de-
rivative is not zero. Similarly, it is clear that a function which almost every-
where fails to have a finite derivative is almost nowhere monotonic, since by a
well known theorem, such a function will almost everywhere have one of its
upper Dini derivatives + , and one of its lower Dini derivatives . These
considerations tell us nothing about the existence of a continuous function of
bounded variation, almost nowhere monotonic; in this note such a function
will be constructed. A continuous function f(x) of bounded variation must,
however, be monotonic at the points of an uncountable set. For, let the
curve y f(x) (0 <- x <- 1) have the parametric representation x x(s),
y y(s) (0 -< s _-< l, > 1), where s is the arc length. Then x’(s) - y’(s) 1
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