DEGREE OF APPROXIMATION BY POLYNOMIALS IN z AND 1/z
By W. E. SEwELL

1. Introduction. A polynomial of degree n in z and 1/z is a function of the
form
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we do not assume a_, or a, different from zero. Riesz' has shown that | r,(2) |
= MonC:|z|=1implies |r.(2) | £ Mn, |z| = 1. In this paper we extend
this result to various types of Jordan curves (see §2) for a generalized derivative
(see §3) of an arbitrary positive order «. In fact, we prove that 4f C is a Jordan
curve containing the origin in its interior, then | r.(2) | < M, for z on C, implies®
|72(2) | £ MK(e, C)n™, @ > 0, 1 < u = 2, where K is a constant depending
only on a and C, and u is a constant depending only on C.

Also let f(2) be defined on C and suppose |f(2) — r.(2) | < en,20n C (n =
1,2, .--). If f(z) is continuous on C, there exists’ for each n a polynomial
r.(2) such that e, approaches zero as n becomes infinite. Here we study the
relation between e, and the continuity properties of f(z) on C. For an analytic
Jordan curve C (see §4) the method consists in mapping the interior of C con-
formally on |w| < 1 and applying results on trigonometric approximation
due to de la Vallée Poussin® and Jackson.® We prove, for example, that, for C
an analytic Jordan curve, the existence of r.(z) (n = 1,2, ... ) such that | f(z) —
()| S Mn % z0on C,0 < a < 1, a and M independent of n and z, tmplies
that f(2) satisfies a Lipschitz condition® of order o on C, and, conversely, f(2) satis-
Sfying a Lipschitz condition of order a on C tmplies the existence of r.(2) such that
|f(2) — ra(2) | £ M z0on C. For f(z) the boundary function of a function
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