QUASI-UNITARY MATRICES
By Joun WiLLiAMSON

Introduction. Let I, be the n-rowed square matrix

E, 0
0 "'En—m ’

where E; is the unit matrix of order j. Then I,, is the normal form of a non-
singular Hermitian matrix of index m under a non-singular conjunctive trans-
formation. A matrix A, whose elements are complex numbers, which satisfies

1) Al A* = I,,,

where A* = A’ is the conjugate transposed of A, will be called a quasi-unitary
matriz. In particular, if m = n or 0, 4 is a unitary matrix. A matrix, 4,
which satisfies (1), is a conjunctive automorph of the Hermitian matrix I, .
The conjunctive automorphs of a non-singular Hermitian matrix have been
studied by Loewy." He has shown how the nature of the elementary divisors
of A — AE is restricted by the index m of the matrix I,,. In the following
paper we derive normal forms for quasi-unitary matrices under quasi-unitary
transformations, and in doing so are inevitably led to Loewy’s results. (See,
for example, the remark following Theorem 2.) We also determine necessary
and sufficient conditions for the similarity of two quasi-unitary matrices under
a quasi-unitary transformation. In particular it is shown that two quasi-
unitary matrices which are similar are not necessarily similar under a quasi-
unitary transformation. In §2 the similar problem for real quasi-orthogonal
matrices is considered, and in §4 an interesting property of the elementary
divisors of a pencil, whose base is I., and a canonical quasi-unitary matrix, is
deduced.

As many of the proofs are in essence the same, subject to obvious modifica-
tions, as those in a previous paper,” for the sake of brevity they will be omitted.
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