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1. Introduction. Stone has recently shown that every Boolean ring is iso-
morphic to a ring of subclasses of some class. As Stone himself remarks, there
is a close relation between the representation of Boolean rings and the theory
of direct sums of rings. The theorem iust stated is clearly equivalent to the
theorem that every Boolean ring is isomorphic to a subring of a direct sum of
rings F2.2 We present here a simple direct proof of this theorem in a some-
what more general case.
A commutative ring Rp is said to be a generalized Boolean ring of index p

(often abbreviated p-ring) if p is a prime and if for every a in Rp it is true that
a a and pa 0. A Boolean ring as defined by Stone is therefore a 2-ring.
We show here that a p-ring is isomorphic to a subring of a direct sum of rings Fp.
The interest of this theorem lies partly in its generality and partly in the
simplicity of the proof, which is based on an exploitation of a device used by
Alexander and by Alexander and Zippin. Inasmuch as our proof, like Stone’s,
demands the existence of certain homomorphisms and inasmuch as we prove
the existence of these homomorphisms by a method analogous to Stone’s, our
proof makes use of transfinite induction.

2. Subrings of direct sums. For the theorem given here on subrings of direct
sums neither of the rings considered need be commutative.
THEOREM 1. A necessary and sucient condition that a ring R be isomorphic

to a subring of a direct sum of rings K is that for every a 0 in R there is a homo-
morphism h of R into a subring of K such that h(a) O.

Consider first the necessity of the condition. Assume then that the elements
of R are functions f defined on a certain set M with values in K. If f in R
is not zero, there is some element m such that f(m) O. We obtain a homo-
morphism of R into a subring of K by making correspond to any f in R the
value f(m). This homomorphism is not zero on f and therefore stisfies the
condition of the theorem.
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In general, for any prime p, Fp denotes the field of integers reduced modulo p.
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ap=a.

Annals of Mathemutics, vol. 35 (1934), pp. 389-395; vol. 36 (1935), pp. 71-85.
Loc. cit., pp. 102-104.
A direct sum consists of the set of all such functions.
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