
Vol. 101, No. 2 DUKE MATHEMATICAL JOURNAL © 2000

S-ARITHMETICITY OF DISCRETE SUBGROUPS CONTAINING
LATTICES IN HOROSPHERICAL SUBGROUPS

HEE OH

0. Introduction. Let Qp be the field ofp-adic numbers, and letQ∞ = R. Let
Gp be a connected semisimpleQp-algebraic group. The unipotent radical of a proper
parabolicQp-subgroup ofGp is called ahorosphericalsubgroup. Two horospherical
subgroups are calledoppositeif they are the unipotent radicals of two opposite para-
bolic subgroups. In [5] and [6], we studied discrete subgroups generated by lattices in
two opposite horospherical subgroups in a simple real algebraic group with real rank
at least 2. This work was inspired by the following conjecture posed by G. Margulis.

Conjecture 0.1. Let G be a connected semisimpleR-algebraic group such that
R-rank (G) ≥ 2, and letU1, U2 be a pair of opposite horosphericalR-subgroups
of G. For eachi = 1,2, let Fi be a lattice inUi (R) such thatH ∩Fi is finite for
any proper normalR-subgroupH of G. If the subgroup generated byF1 andF2 is
discrete, then it is an arithmetic lattice inG(R).

We settled the conjecture in many cases, including the case whenG is an absolutely
simple real split group withG(R) not locally isomorphic to SL3(R) (see [5]).

In this paper, we study a problem analogous to the conjecture in a product of real
andp-adic algebraic groups. The following is a special case of the main theorem,
Theorem 4.3.

Theorem 0.2. LetS be a finite set of valuations ofQ including the archimedean
valuation∞. For eachp ∈ S, let Gp be a connected semisimple algebraicQp-
group without anyQp-anisotropic factors, and letU1p, U2p be a pair of opposite
horospherical subgroups ofGp. SetG=∏p∈S Gp(Qp), U1=∏p∈S U1p(Qp), and
U2=∏p∈S U2p(Qp).

Assume thatG∞ is absolutely simpleR-split with rank at least 2 and that ifG∞(R)
is locally isomorphic toSL3(R), thenU1∞ is not the unipotent radical of a Borel
subgroup ofG∞. LetF1 andF2 be lattices inU1 andU2, respectively. If the subgroup
generated byF1 andF2 is discrete, then it is a nonuniformS-arithmetic lattice inG.

If p is a nonarchimedean valuation ofQ, then no horospherical subgroup of
Gp(Qp) admits a lattice. Moreover, there is no infinite unipotent discrete subgroup
in a p-adic Lie group. Therefore it is necessary to assume in Theorem 0.2 thatS

contains the archimedean valuation∞.
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