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Decaying solution of a Navier-Stokes flow
without surface tension

By
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1. Introduction

We consider an initial boundary value problem for the motion of a Navier-
Stokes flow in a 3D domain with free boundary. Under the periodic bound-
ary condition in horizontal directions, we discuss the global existence of small
smooth solution with decaying property in time. The surface tension effect is
not taken into account throughout this paper.

The domain which the fluid occupies is bounded below by a rigid flat floor
and above by an atmosphere of constant pressure; the upper free surface moves
with the change of motion of the fluid. We introduce a spatial coordinate
system x′ = (x1, x2) and x = (x′, x3), and assume that the domain of fluid
at time t is described by Ω(t) = {x ∈ T2 × R : −1 < x3 < η(t, x′)}, which
is bounded below by a fixed bottom SB = {(x′,−1) : x′ ∈ T2}, and above
by a free surface Γ(t) = {(x′, η(t, x′)) : x′ ∈ T2}. We denote the velocity of
fluid by v = t(v1, v2, v3), and by p a correction to the hydrostatic pressure p̄
as p = p̄(t, x) − P0 + ρgx3, where P0 is the atmospheric pressure above the
fluid, ρ is a constant density and g is the acceleration of gravity. The equations
describing the motion of fluid are given as follows:

vt + (v · ∇)v + ∇p − νΔv = 0 in Ω(t)(1.1)
∇ · v = 0 in Ω(t)(1.2)

ηt + v · ∇′η − v3 = 0 on Γ(t)(1.3)

pnj −
3∑

k=1

ν(vj,xk
+ vk,xj

)nk = gη nj on Γ(t), j = 1, 2, 3(1.4)

v = 0 on SB.(1.5)

Here ν denotes a positive viscous constant, and (n1, n2, n3) the outward normal
to the free surface. We denote spatial derivatives by ∇′ = t(∂/∂x1, ∂/∂x2, 0),
∇ = t(∂/∂x1, ∂/∂x2, ∂/∂x3), and Δ = ∇ · ∇. Subscripts after comma denote
derivatives, and bold type letters mean vectors. The equilibrium state to this
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