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L e t k  b e  a  f ie ld . A  field  generator i n  tw o  variables o v e r  k  i s  a  poly-
nomial f e k [x , y ]  su ch  th a t k(x , y )= k(f , g )  fo r  som e rational function g E k(x,
y). W e  continue the investigation of field generators begun i n  [ I ]  a n d  [2].
Using methods o f  [2 ] , we first study in  detail properties o f  th e  multiplicity tree
at infinity of f  once coordinate functions x, y have been chosen that are natural
for f  (see [2 , 4 .7 ]) . O ur orig inal motivation fo r  th is  had  been  a n  attempt to
show that a ll field generators are good in  the  sense that a  complementary gener-
a to r  g  c a n  b e  fo u n d  i n  k[x , y ] .  However, a  quite astonishing example o f  a
bad  field generator has been constructed by C . Jan  in  [1 ] , a n d  we instead use
the  numerical information obtained to determine, with th e  help of a computer,
a ll b ad  field generators o f  degree <25, th e  degree o f  Jan's exam ple. W e find
th a t  field generators a r e  good  fo r  degrees d< 20 a n d  d=22, 23, 24, a n d  that
there is exactly  o n e  " ty p e "  o f  b a d  field generator f o r  d= 21 a n d  d= 25 (see
2.6 fo r a  m ore  precise statem ent). R . Ganong helped materially with the  rather
elaborate calculations needed to establish this a n d  w ith th e  writing o f  an ap-
pendix in  which some of the  details are explained.

A  good  fie ld  generator f  appears a s  p a r t  o f  a  birational morphism cp:
AZ—>AZ w ith  tp(a, 13)=(f(a, fi), g(a, 13)) f o r  a, 13 e k. W e  s h o w  th a t  th is  is
a lm ost true  i n  general. N am ely, if  f  i s  a  f ie ld  generator, a  complementary
generator g =alb  can always be found with a, b E k[x , y ]  such that (a, b)k[x, y]
=k [x , y ] .  This m eans that the  pencil o f  curves {g— pLuEk}  has no base points
at finite distance a n d  th a t 9: A t - 4 P ,  yo(cc, f l)=(I, f (a, f l), g(a, 13)), i s  a  biration-
a l morphism.

1. W e  a ssu m e  th a t k  is a lgebra ica lly  c losed  i n  t h e  se q u e l. T h is  is done
m ainly to sim plify argum ents and could  be  avoided  in  m o st p laces. W e  use
systematically th e  n o ta tio n  o f  [2]. A lso, i f  S  i s  a  non-singular surface and
peS , tr p : w ill deno te  t h e  locally quadratic transformation (1 .q .t .)  with
centre p  a n d  Ep =tri ,- 1 ( p )  its exceptional fibre . E ,  w ill s ta n d  fo r  th e  line at


