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Introduction

L e t  g  b e  a  complex semisimple L ie  algebra, and  h  a  C artan  subalgebra
o f  g  a n d  d  th e  root system o f  (g , h ) . Denote by g" the  root space correspond-
in g  to  a  ro o t  cx, th e n  g  =  h  +  E ,g " . W e  f ix  a  p o sitiv e  system o f  roo ts  A +
and denote by d o the set of sim ple ro o ts .  Put

1 vn +  = Eaee+g œ, n = EClE g œ ,  P.= 2  Laced +OE•

Let U(g) be  the  universal enveloping algebra o f  g .  F o r  any x e h*= Hom (1),
C), w e consider the factor space M(x)= U(g)// x, w here  I x i s  th e  left ideal of
U(g) generated by n+ a n d  {H — x(H)+ p(H); H el)}. Then M(x) has the  natural
structure of U(s) -module a n d  is  ca lled  the  V erm a m odule  in d u ced  b y  x. A
nonzero element of a U(g)-module is called extreme if  it is annihilated by n+.

D .-N . Verm a proved i n  [ 1 ]  th a t  a  su b m o d u le  o f  M(x) generated by its
extreme vector is isomorphic to another Verma module M(x'). The submodules
o f this type are called here Verma submodules. H e  a lso  got a  sufficient condi-
tion  o n  a  p a ir  (x, x') f o r  M(x) to  con ta in  a Verm a subm odule isomorphic to
M O .

A fte r tha t, I . N . B ernstein  and o th e rs  p ro v ed  th a t th is  condition is also
necessary [2]. So all the Verma submodules are already known.

I n  that w ork [2], they also  constructed  a n  example of submodules which
a re  not generated by their extrem e vectors. They treat there the case g = sl(4,
C ) a n d  x  i s  a  ce rta in  w eight (2) (see § 2). J .  D ixm ier and N . C onze gave a
fundamental necessary condition for the existence of submodules which a re  not
of Verma's type.

I t  is  an  interesting problem to determine the structure of the Verma module
M(x), a n d  especially  to  find the  subm odules of M(x), n o t  of Verma's type.


