
J . M ath. Kyoto U niv . (JMKYAZ)
21-3 (1981) 417-500

The characters of the discrete series
for semisimple Lie groups

By

Takeshi HIRAI

(Received January 14, 1980)

Introduction

L et G  be a  connected real semisimple Lie group w ith Lie algebra g. For a
Cartan subalgebra 1) o f  (I, w e denote by lib the  corresponding C artan  subgroup
o f G .  L e t  b  b e  a  C a r ta n  subalgebra o f  a such that its toroidal p a rt has the
possible maximal dimension, and put B=1-1'. D en o te  by  h  th e  space o f  linear
form s A  o f b in to  C  su ch  th a t BB exp 21( ,—exp A (X )E C  (X b ) defines a unitary
character o f  B , a n d  b y  b;t3 '  its subset consisting o f regular elem ents. W hen
every root of (ç ,, b c ) (or simply o f  1)) is im aginary, w e call b  c o m p a c t. In  that
case, Harish-Chandra proved the existence and the uniqueness o f  a  ce rta in  kind
of invariant eigendistribution o n  G  fo r A e  b r .  W hen B  is  compact, it is char-
acterized a s  a  u n iq u e  tem pered invariant eigendistribution which coincides on
B nG ' w ith  a certain function, where G ' denotes th e  se t o f all regular elements
in  G .  We define th e  sa m e  k in d  o f  in v a r ia n t eigendistribution 7rA f o r  A e br
evenwhen so m e  ro o ts  o f  b  a re  not im aginary (n- in  th e  above case, and
for the exact definition, see below).

T h e  purpose o f  th is  p a p e r  is  to  g iv e  a  g lo b a l exp lic it fo rm ula  o f the
invarian t analytic function 7U'A o n  G ' corresponding canonically to  7 rA. W e
assum e t h a t  G  i s  a c c e p ta b le  in  th e  sense  o f  Harish-Chandra [2(b), § 181 fo r
convenience. B ut th is  is  n o t a n  essential restric tion, and the essential assump-
tion w e made here  is  th e  connectedness o f  G .  Our main results are Theorems 1
and 2 in  § 5 w hich give th e  explicit form ulas of the functions 7 (h  ) on  I -P n G '
for every b.

W hen B  is  compact, G  h a s  th e  d iscrete  series representations, a n d  their
characters a r e  e q u a l to  OA's except th e  known multiplicative s ig n  + 1 . Thus
we get the explicit character formula for these representations. M any researches
have  been  m ade in th is  direction, for instance, Hecht [3 ], M artens [6], Midori-
kawa [7(a), (b)], Schmid [8(a), (b)] and Hirai [5(a), (b), (e)] (cf. also Arthur [10]).
T he first tw o authors treat essentially th e  holomorphic discrete  series, and the
next tw o authors treat som e type  (or types) of linear groups.

T he  method o f th e  present paper goes along the same line as in the previous
paper [ 5 (e)]. Thus w e apply  th e  necessary and sufficient condition in [5(c)] for


