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Introduction

Let M and M' be connected paracompact C'-manifolds and x (M ) and x(M')
the Lie algebras of all C'-vector fields with compact support on M  and M' respec-
tively. A  well-known theorem of Purse11-Shanks [10] may be stated as follows.

Theorem. There ex ists a L ie  algebra isom orphism  0  of  x(M ) onto x (M ) if
and only  if  there ex ists a  Cœ-diffeomorphism cp of  M  onto M ' such that d9=0.

The above result still holds for Lie algebras of all infinitesimal automorphisms
o f several geometric structures on manifolds. Indeed, Omori [9] proved the
corresponding result in case of volume structures, symplectic structures, contact
structures and fibering structures with compact fibers. The case of complex struc-
tures was proved by Amemiya [1]. Koriyama [8] proved that this is still true for
submanifolds regarding a submanifold as a geometric structure. Furthermore the
first author [6] has proved the corresponding result in case of Lie algebras of G-
invariant C'-vector fields with compact support on paracompact, connected, free
G-manifolds when G is a compact connected semi-simple Lie group such that the
automorphism group of its Lie algebra is connected. The corresponding result is
no longer true when the automorphism group of its Lie algebra is not connected,
G is not semi-simple or G does not act freely.

Let (M , ,F) be a  foliated manifold and x(M, g") (resp. x (M ,  g")) be the Lie
algebra of all foliation preserving (resp. leaf preserving) C'-vector fields with compact
support on M. Then we have the following theorem, due to Amemiya [1], which
can be also proved by using the methods of Pursell-Shanks [10] and Omori [9].

Theorem A .  T here ex ists a L ie  algebra isom orphism  0  of  x2 (M, onto
xs ,(M ', .9 ') if  and only  if  there exists a foliation preserv ing diffeomorphismcp of
M onto M ' such that 4 )= 0 .

Theorem A implies that if x2 ,(M, F) is algebraically isomorphic to x(M%
then x(M, g") is algebraically isomorphic to x(M', g''). Conversely, does x(M,
characterize ke,(M, g")?

The purpose of this paper is to prove Pursell-Shanks type theorem for certain
foliated manifolds.


