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Remarks on null solutions of linear
partial differential equations
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Introduction.

Null so lution . Let P (x ;  x )  be a  linear partial differential operator of order in
defined in a neighborhood of the origin in  R d .  Let 9(x) be a  real-valued function
such that 9(0)=0 and 9 ( 0 ) 0 0 .  Let S stand for the hypersurface defined by 9(x)= 0.
We assume S is characteristic to P(x;a x ), i.e., P„,(x; 9(x))= 0 on S .  Here Pm  denotes
the principal part of P.

We call a solution u of Pu =0 a  null solution if {0} e supp [ u ]  fx; 9 ( x )  01.
We are concerned, in the present paper, with the question firstly raised by Petrowski
whether there exists a  null solution of Pu =O . W hen all the coefficients of P  and
9(x) are analytic, the question is related to the inverse of Holmgren's uniqueness
theorem . Since null solution is non-analytic at S , the existence of null solution
implies also that the operator is not analytic hypo-elliptic.

M ultiplicity. By the way, we defined the multiplicity of characteristic hyper-
surface, [5]. Let x e S,

A x = au, fi); x(x))0

k=min + f} , fo r  (a , 18) e Ax

1=min WI, f o r  (a, fl)E Ax n flotl+IM
Here P ) (x ;  )= a 0 V „ , (x ; and if Ax  is empty, we put k =1= oo. We call the
pair (k, Ox  the multiplicity of the characteristic hypersurface S at x E S. Evidently,

This is an invariant notion with respect to  the change of
variables and also to the choice of 9(x), see [5].

Already known facts. Let us assume that all the coefficients of P(x; ax ) and
9(x) are analytic and the multiplicity (k, 1) of characteristic hypersurface S is con-
stant on S itself. I f  1<k , whatever the lower order terms are, there exists a  C"
null solution which is analytic for x  S. This fundamental theorem was proved
by S. Ouchi [10] preceded by the works of S. Mizohata [8], L. H6rmander [2],
J. Persson [12], H. Komatsu [7 ], and so o n .  However, when 1=k, the question
seems to take a different a sp e c t. Among such operators there are Fuchs type ones
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