
J . M ath. Kyoto U niv . (JMKYAZ)
29-4 (1989) 601-608

On a Hasse principle for 0-conjugacy
Dedicated to Professor Ichiro Satake on his sixtieth birthday

By

Hiroshi SAITO

§ O . Introduction

Let M /K  be a cyclic extension of finite algebraic number fields of degree 1, and a
a generator of the Galois g ro u p  G a l(M /K ) , w h ic h  w ill b e  f ix e d . For an algebraic
group G defined over K , w e denote by G(M ) the set of all points of G with coordinates
in M .  The action of a  on G(M ) can  b e  d e fin ed  n a tu ra lly . W e  d en o te  it b y  ' g  for
g E G (M ). In G(M ), we define an equivalence relation b y  g--o. g ' if and only if g =
11- 1 ,g' 11 fo r so m e  h E G (M ). This w ill be called a-conjugacy. It w as introduced for
G L(2) in the study of the twisted trace formula ([31, [4 1). The purpose of this paper
is to determine a-conjugacy classes for G  such that G (K )=A  , where A is a semi-simple
algebra over K.

The a-conjugacy has a close relation w ith  the usual con jugacy , w hich  w ill be
denoted by --,. For geG(11/1), we define the "norm" of geG (M ) by N g=gag 0 2 g•••°` - 'g.
T h en  the conjugacy class of N g depends only on the a-conjugacy c la ss  o f g. We
d e n o te  b y  G(M)/- , ,

, ,  G ( M ) / - -  the sets of a-conjugacy classes, and usual conjugacy
classes in G (M ) respec tive ly . T hen  N  defines a m ap of G(M )/—  t o  G(M)1 ,--. This
m ap  is  fun d am en ta l in o u r  s tu d y  o f  a-con jugacy. In fact, f o r  G =A ,  th is  m ap  is
injective, and to determine G (M )/--, it is sufficient to determ ine the image of G(M)/-'-
b y  N .  I t  is  e a s y  to  s e e  th is  image is contained in the set (G(M )/--) 1  consisting  of
conjugacy classes invariant under a .  To describe the image, we consider the norm  at
e a c h  place of K .  For each place u  o f  K , let K„ be  the completion of K  a t  y  and let
M,.=MO K K „. Then the action of a  can be extended to /1//„ and G(lif,). We can define
in• G(M„) a-con jugacy and the norm  in the same way as ab o v e . Our main result asserts
that for G =A  a conjugacy class in (G(111)/)a is contained in the image of G(M) by A'
if and only if it is contained in image of G(M„) b y  N  for all u (c f. Th. 2.1).

In § 1 , w e give prelim inary results on a-conjugacy. In § 2, we state our main result
and reduce the proof to  the cases of semi-simple and unipotent e le m e n ts . The proofs
of these tw o cases are given in § 3 and § 4 separately.

§ 1. a-conjugacy

In th is section, we prove some elementary properties of a-con jugacy . Let K  b e  a
field of characteristic 0 and G  a linear algebraic group defined over K .  W e define a-
con jugacy for M m ore general than that in the Introduction. Let M  be a commutative
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