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The Bers projection and the A-lemma

By

Toshiyuki SUGAWA

§ O .  Introduction

In  order to discuss th e  connection betw een univalen t functions and Teichmtiller
spaces, it is im portant to consider the  class S  of Schw arzians of all schlicht functions
on  the  exterior J*  o f th e  u n it disk, i. e.,

S= tSf=(f"/PY — ..(f"/ P ) 2 f 0 }

w here  E o i s  th e  class o f  a ll univalent meromorphic functions f  o n  J *  having a n  ex-
pansion

f (z )= z +
n=1

It should be noted that th e  correspondence [—S i  i s  a bijection from  E 0 t o  S.
T h e  class S  inherits a  topology by the hyperbolic sup-norm of weight —2 (so-called

th e  N e h a r i n o rm )  o f  th e  space  of holomorphic quadratic  d ifferentia ls. T h e  space S
has been studied by m any authors (B ers [6], G ehring [15], [16], 2uravlev [28], Flinn
[13], Shiga [24], O verholt [20], Sugaw a [25], etc.). In particular, the first remarkable
result by G ehring [15] states that

In t S = T (= th e  universal Teichmtiller space).

A s the Bers projection plays a  very  im portant ro le  in the Teichm tiller theory, the
(generalized) B ers projection is  th o u g h t to  do so  in  the investigation of the space S,
too . §  1  is  devo ted  to  study  the  (generalized) Bers projection m ainly in  th e  c a se  that
th e  d o m a in  h as  n o  ex te rio r  (T h eo rem  1 ). A s  a  corollary o f  T heorem  1 , w e g ive  a
simple proof o f  a  theorem o f  Overholt [19].

In § 2 and succesive sections, we shall consider Int S(F), w here  r  is  an  arbitrary
Fuchsian g r o u p .  T h e  "2-lemma" a n d  th e  "im proved 2-lem m a" first introduced by
Marié-Sad-Sullivan [17] and  Sullivan-Thurston [26] a re  greatly powerful tools to study
the structure of holomorphic families and , indeed, have m a n y  app lica tions in  various
aspects (for exam ple , see  [7 ], [9 ], D U , [21 ], [2 4 ]).

A s  a  new  application of the "extended 2-lemma" (Bers-Royden [9]), in § 2, we give
another proof o f  a  theorem o f Zuravlev :  T (F) is the zero component of Int S (F). Our
proof is based only on  the  openness of the universal Teichmtiller space due to Ahlfors
and  the  2-lem m a w hile Zuravlev's o n e  is  e ssen tia lly  re lie s  u p o n  the  G runsky 's in -
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