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§ 0 .  Introduction

There are many studies on the ergodic properties of discrete isometry groups
F  acting on the n-dim ensional hyperbolic space B" = Ix  e  R m  xi <  I}  and on
the sphere at infinity S " '  = {x e Rn; xi =  } (c f . [N ]) . Among them, Lyons and
Sullivan's w ork [LS] is rem arkable. They obtained the conditions concerning
covering transformation groups, under which normal (regular) covers of a compact
hyperbolic manifold are recurrent or L iouville . In  other words, we may say that
they showed what normal subgroups inherit the ergodicity of the action on S"'
w ith  respect t o  the Lebesgue measure from a cocom pact discrete g roup . In
connection with this problem, in  the  present paper, we consider in  what degree
any  norm al subgroup F ' o f  F  inherits ergodicity o n  S " ' x  S " - 1  ( =  B "IF is
recurrent) and ergodicity on S" - 1  ( =  B "IF is L iouville). Particularly, in the case
where n = 2 , w e can  charac terize  5 ' x  S n -  -ergodicity of F  by conservativity
of the action on Sn - 1  o f  F':

Theorem. A  Riemann surface B 2 IF is recurrent if  and only if  any non-trivial
normal subgroup of F is conservative.

W e develop those argum ents in the first p a r t "inheritance to norm al sub-
groups" (§4 a n d  § 5 )  a fte r the  sections of several preliminaries a n d  prepara-
t io n s . T he  first p a r t  also contains som e investigations on the following two
conjectures which seem interesting in the course of ou r arguments:

( C l)  I f  B "IF is recurrent and  F ' is a norm al subgroup of F  such that any
subgroup of F IT ' is  a  finitely generated solvable group, then B "IF' is  Liouville
(cf. [LS]).

(C 2 )  F  acts on  S" - '  ergodically if and only if any normal subgroup F ' of
F  acts o n  St either conservatively o r  totally dissipatively.

In the second part "invariance under quasiconformal deformations" (§6 and
§7), we study whether the ergodic properties o n  S " ' a r e  preserved o r no t, by
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