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Cohen-Macaulayness in graded rings associated to ideals
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1. Introduction

L et A  b e  a  Noetherian local ring w ith  maximal ideal m .  L e t  d = dim A
and assume the field A/ni is infinite. For a given ideal I  in A  (I  0  A) we define

R(I) = I"t" g  A N and G(I) = R(I)/ I R(I)

(here t  is a n  indeterminate over A) and respectively call R (I) a n d  G(I) th e  Rees
algebra a n d  th e  associated graded ring of I. T h e  purpose o f  th is paper is to
find any practical conditions under which the graded algebras R(I) and  G(I) are
Cohen-Macaulay a n d /o r  Gorenstein r in g s . A n d , because Cohen-Macaulayness
and Gorensteinness in  R(I) are now known to be fairly determined by the corre-
sponding ring-theoretic properties o f  G (I) (see, fo r  exam ples, [GS], [I], ETU,
EGNi], [V ], a n d  R 1 ), in  th is paper w e devote  our attention t o  th e  problem
how  to  check Cohen-Macaulayness o r  Gorensteinness in  th e  graded rings G(I).
W e shall develop our study along the notion, due to  [1-1H1], analytic deviation
ad (I) o f  I. Actually, fo r  th e  ideals I  having ad (I) < 2 Huckaba a n d  Huneke
[1-1H1] a n d  [HFI2] have already studied Cohen-Macaulayness in  graded rings
R(I) and  G(I) and  the  readers may consult [GNa 1] a n d  [GNa2] about Goren-
steinness in  th e m . This paper succeeds the researches [1-11-11], [HH2], EGNa
and  EGNa21. Here we shall generalize their results for ideals o f ad (I) > 3.

To state the results precisely, we set up  the following n o ta tio n . L e t I  ( 0  A)
be a n  ideal in  A  o f ht, I  = s  a n d  p u t ).(/) = dim A/m OA  G(I), tha t w e call the
analytic spread of I. We generally have

s / 1 ( I )  d — inf depth A ll"
n> 1

([13]). S o  th e  difference ad (I) = (I) —  s is  ca lled  th e  analytic  deviation. Let
J  be  ano ther idea l i n  A .  W e  sa y  th a t J  i s  a  reduction o f  J  i f  J ç  I  and
in+ 1 J In for a ll n »  O. A  reduction is called minimal if i t  is  minimal among
reductions. A s is well-known, a  reduction J  o f  I  i s  m in im a l if  a n d  if  J  is
genera ted  by  A (I) elements ([NR]). F o r  each  reduction  J  o f  I  l e t  ri (I) =
min In > O lin ' = J / " }  a n d  c a ll  i t  th e  reduction num ber o f  I  w ith  respect to
J. W e p u t r(I) = min r,(1) where J  runs over minimal reductions.
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