
J. M ath. K yoto Univ. (JMKYAZ)
36-3 (1996) 519-537

Homotopy-commutativity in rotation groups

By

Hiroaki HAMANAKA

1. Introduction

Assume G  i s  a  topological group and S , S ' are subspaces o f G , each  of
which contains the unit as its  base point. There is the commutator map c  from
S A  S ' t o  G  which maps (x, y) e S A S ' t o  x y x '  e  G .  W e  s a y  S  and S'
homotopy-commute in G  if c  is null homotopic.

In  th is  paper, w e describe the homotopy-commutativity of the case G =
SO(n + m —  1), S = SO(n) and S' =  SO(m) where n, m >  1. H e re  w e  use the usual
embeddings

SO(1) OE SO(2) OE SO(3) c • • • .

Trivially SO(n) and SO(m) homotopy-commute in SO(n + m ) .  And it is known
that if n + m  > 4, SO(n) and SO(m) do not homotopy-commute in SO(n + m —  2).
(See [1] and [ 2 ] . )  But the homotopy-commutativity in SO(n + m —  1) has not
been solved exactly.

We shall say a pair (n, m) is irregular if SO(n) and SO(m) homotopy-commute
in SO(n + m —  1), and regular if they do not. In  [1 ]  the following problem is
proposed; "when is (n, m) irregular?", and the next theorem is showed.

Theorem 1.1 (James and Thomas). L et n + m  0 4, 8. I f  n  or m  is ev en or
if  d(n) = d(m ) then  (n, m) is regular, w here  d(q), f o r  q  2 , denotes the  greatest
pow er of  2  w hich devides q — 1.

In this paper w e shall prove the more strict result as showed in the next
theorem.

Theorem 1.2. I f  n  o r m  is ev en o r if  
(n  +  m  —  2 )  0  

m od 2 then (n, m) is
n — 1

regular.

We identify RP S O (k )  b y  the following way. Let ik: RP 0 ( k )  be
the map which attaches a line / c R P "  w ith  i ( l )  e 0(k ) defined by

i(/)(v ) = y — 2(v, e)e,

where e  is  a unit vector o f /  and y e l e .  And let i ( l )  =  ik'(/ 0 )- 1  • i ( l )  where lo
is  the base point of R P ' .  Then i k preserves the base points.
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