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Donsker's delta functions and approximation of
heat kernels by the time discretization methods
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Introduction

Time discretization approximation schemes for solutions of stochastic differen-
tial equations have been studied by m any people  and  are  treated, e.g., in the
book of Kloeden-Platen [K 1-P192]. Since heat kernels a re  the  probability den-
sities of the law of solutions, it might be worth-while to ask if these approximation
schemes provide a  natural scheme of approximation for heat kernels. Purpose
of this paper is to propose one of such schemes with a help of Malliavin calculus.

In section 1, we introduce the notion of Donsker's delta functions a s  a  class
of generalized Wiener functionals on W iener sp a c e . In  section 2 , w e obtain a
general approximation result fo r  Donsker's de lta  functions. In  sec tion  3 , we
consider the case of Wiener functionals given by solutions to stochastic differential
equations. A n Iti5-Taylor approximation scheme of order y for the solution has
been introduced by Kloeden and Platen [K l-P195]. Here we improve their result
o f the  strong convergence in the L2 -norm t o  th e  strong convergence in every
Sobolev norm  in  the  Malliavin calculus (Theorem 3.1). This is  a  m ain  result of
this paper and its proof is given in section 4. This result, combined with general
results in section 2, yields some strong approximation scheme for Donsker's delta
functions a n d  thereby an approxim ation result fo r the  heat kernel in  th e  form
of Theorem 3.2. However, it should be remarked that the  heat kernel is given
by  a  generalized expectation o f Donsker's delta function a n d  therefore, what is
involved in  this problem  is essentially a n  w eak approxim ation . T he ra te  of
convergence in Theorem 3.2 is  th a t o f the  strong approximation and it can be
im proved to  th e  ra te  o f  weak convergence. For such improvements, we refer
to  the  recent works by Bally and  Talay [B-T95] and  Kohatsu-Higa [Ko95].

1. M alliavin  calculus and Donsker's delta functions

L e t (W , H , P) b e  a  (classical or abstract) W iener space, where H  i s  the
Cameron-Martin H ilbert space a n d  P  is  the W iener m easu re . L e t F :  W  R d
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