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A natural horseshoe-breaking family which has a
period doubling bifurcation as the first bifurcation

By

Masayuki ASAOKA

1. Introduction

L e t F: M— *111 b e  a  d iffeom orph ism  on  a  m anifo ld  M .  W e  s a y  th a t  F  is
Cr - structurally  stable i f  th e re  is  a homeomorphism h: M— >M  which satisfies
h - 1 0G .h =F  for any diffeomorphism G near F  in C r - topology.

F  is  ca lled  hyperbolic o n  an  F - invariant com pact set A  if  the re  ex is t a
splitting o f the  tangen t bundle  TMIA=PIEDE s  a n d  c o n s ta n ts  C > 0  a n d  ii> 1
which satisfy that

II DFn  ( v a ) u p ,  D F (v s)II C

for a n y  & N and any v u EE", v s E E s . W e  c a ll  F  a  hyperbolic diffeontorphism if
the non - wandering set of F  is hyperbolic.

T he hyperbolic ity  and  the  stab ility  a re  v e ry  im portant concepts in the
research of dynamical systems and they are  m utua lly  re la ted . For example, it
is known that F  is C ' - structurally  stable , if and only if F  is hyperbolic and F
has some additional conditions (e.g. [7 ] and  [3 ] ).

Sm ale 's h o r s e s h o e  [8 ]  is  a  typ ica l dynam ica l sy stem  w h ich  has the
s ta b ili ty  a n d  th e  h y p e r b o l ic i ty ,  A  h o r s e s h o e  is  d e f in e d  a s  a  p la n e r
diffeomorphism w h ic h  m a p s  D  t o  F ( D )  a s  i n  F i g u r e  1 .  a n d  w hich  is
hyperbolic on A=- n„e7F 1 (D ). W e call horseshoe diffeom orphism  an affine
horseshoe if it maps the rectangles A  and B  to A ' and B ' affinely.
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Figure 1: Smale's horseshoe
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