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Cyclic automorphic forms on a unitary group

By

Yuval Z. FLICKER

1. Statement of results

L et C  b e  a n  algebraic subgroup o f  a n  algebraic group G over a global
fie ld  F , a n d  denote by G (F) \ G(4) —  çe a  cu sp  fo rm  in  th e  cuspidal
representation it  o f  th e  adele group G (4) , where d  is  the  ring  of F-adeles.
D enote by Z  th e  center o f G and  b y  w = Z  ( 4 )  / Z  (F) — >r  the central
character o f  7r. Suppose th a t th e  homogeneous space C (F ) C  (4 ) has finite
volume; w e  ca ll it  a  cycle. F ix  a  unitary character o f C (F) \C ( 4 )  i n  r .
Signify by P(ç5) (0) = I c(,) \c(4)0 (c) (c) dc t h e  -period of the form çS on

the cycle C (F) \C (4) of G (F) \G (4) . Here t . (c ) is  the complex conjugate of
(c). We simply say "period" when  1.

Motivated fo r  exam ple by classical questions on  the  P - cohomology of
bounded sym m etric spaces o f  th e  form  r\G/c, w e w ish  to  de te rm ine  the
-cyclie cuspidal G (4) - modules 7i ; these a re  the  cuspidal it fo r  which there

is a form OE TECLI (G (F) \ G (4)) with a  n o n -z e ro  -period P (0 ) (or Pc.E (0)
if  th e  dependence o n  C  and n e e d s  to  b e  m ade explic it). T he interesting
phenom enon which occurs in  th is  con tex t is , th a t  in  o rd e r  to  b y  c y c lic , a
global representation needs — in  addition to being locally cyclic at all places—
to overcome a purely global obstruction.

Such a  q u estio n  w a s  s tu d ie d  f irs t  b y  Waldspurger [W1,2] w hen G =
PGL (2) = SO (3 ) and  C = SO (2 ) (=  ellip tic  torus o f  G w hich  sp lits over a
quadratic extension of the base field) on using the W eil representation, then
b y  Harder - Langlands-Rapoport [HLR] w hen  G  i s  GL (2 ) o v e r  a  quadratic
extension E of F  a n d  C i s  GL (2 ) over F, and  then  by  Jacquet - Lai [JL] and
Jacquet [J1,2] w ho introduced a  "re la tive  trace  fo rm ula". T he  case  o f G =
50 (4) X  SO(3) a n d  C -= SO (3 )  (and i s  a  form  i n  a  cuspidal, not one-
dimensional, automorphic representation of C (4)) , was studied by (D . Prasad
[P1 , 2] lo c a l ly  a n d )  Harris - Kudla  [H K ], a g a in  o n  u s in g  th e  W e il
representation. The analogue of the trace formula technique w as later used in
a series of cases, where G -= GL (2, E) [F5], or where G=GL (n, E) [F6] , and C

GL (n, ,  with E/F being a  quadratic extension of global (or local) fields.
This last case is related to base - change for the unitary group. Local aspects of
the dual case, where G=GL(n, E) and C is  a  unitary group —  which is related
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