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A generalization of the parallelogram
- equality in normed spaces

By

Pavle M. MILICIC

Let (X, ||+ Il) be a real normed space. Then on X? there always exist the
functionals:
s (x, y)=lim (e +tyl—ll) @ yEX). (1)
t—10
ce =l raey)  wyenr. @

The functional g is a natural generalization of the inner product (-, - ),
which follows from its properties:

g x)=lkl* @EX), (3)
g (ax, By) =apfg (x, y) (x, yEX ;a, BER), (4)
glx, xty) =lklP+e@ y) (@ yEX), (5)
lg@ »I<kllyl = yEX), (6)

(X, ) is an inner product space if and only if g(x, y) is an inner
product of vectors x and y, for all x, y EX. (7)

By use of the functional g, we may define many geometrical points in
normed spaces (angle between two vectors, the projection of the vector x on
the vector y, many types of orthogonalities, orthonormal system, and so on)

(cf.[2] to [B]).

In an inner product space X the equality

ke+ylt—le—ylt =8 (klt+lyl®) @ y) @ yEX) (8)
holds, which is equivalent to the parallelogram equality
ke+ylP+e—ylP=2(lP+lyl) & yEX). (9)

In normed spaces, the equality

e +ylt—le—yl¢=8 (lkl?g (x, y) +lyl*e (y, x)),  (x, yEX) (10)

is a generalization of the equality (8).
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1) The notation ¢ is according to the name Gateaux.



