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Some categories of lattices associated to a
central idempotent
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O. Let R be a noetherian integral domain with field of quotients K .  An R-lattice
is a finitely generated torsion free R-module. An R-order is an R-algebra A  which
is an R-lattice. For an R-order A , a  A -lattice is a  left A-module which is an  R-
lattice. L e t la t A  denote the category o f  A-lattices.

Let e be  a central idempotent of the K-algebra A  := K OR  A , so  that eA is
an R-order in the K-algebra ezii. The category lat eA can be viewed as a full
subcategory o f  la t A  via the ring homomorphism A  —> e A , 1—>

0 .0 . A  purpose o f  this paper is to investigate the  quotient category  (6 :=
lat A/lat e A .  By definition, (6 has the same objects as lat A , and Homw(X, Y) -=
Homn (X, Y)/I(X , Y), where /(X, Y ) is  the  totality of A-morphisms  f : X  —> Y
which factor through som e object o f  la t  e A . By 2.1.1, Hom w (X , Y) = (1 — e)
Hom,(X, Y) holds.

Let Y  be the full subcategory of cg formed by X e(6 satisfying the following
condition (*).

(* )  There exist a projective A-lattice P , eA-lattice Q and an  exact sequence
0—>52—>P—>X—*Oinlat A.

0.1. Theorem (Proof in  2 .5 ) .  A ssume that Y  has an additiv e generator
(i.e. any  object in Y  is isomorphic to a direct summand o f  Q" = Q • • •  Q  for
some n ) .  Put F :=  Hom w (Q, Q), F X := Horme (Q, X ) for X e lat A . T h e n  T  is  an
R-order and F  induces a  categorical equivalence from (6 lat A /lat eA to lat F.

0.2. Assume th a t  R  i s  a  complete discrete valuation r in g .  Then lat A
i s  a K rull-Schm idt category, a n d  a n y  X e  la t A  has a  pro jective  cover 0 —+
Q(X) —> P(X) —> X —> O. I n  th is  c a s e , th e  ab o v e  Y  c a n  b e  d e sc r ib e d  as
{X eW I Q(X)elat

Let ind A  denote the set of isomorphism classes of indecomposable A-lattices
and put

:= {X e ind A  — ind eA I Q(X)e lat

If is a  finite set, by  the additivity of projective cover, Y  has an additive
generator Q = CD x  X.
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