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A note on global existence of solutions to nonlinear
Klein-Gordon equations in one space dimension

By
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1. Introduction

We consider the Cauchy problem for nonlinear Klein-Gordon equations

(1:1 + 1)u = F(u ,u ,,u ,,u ,,,u „) in (0, co) x R,
u(0, x) = E f(x), u ,( 0 ,x )  = e g ( x )  for x E R,

where = — ax
2 ,  /41 =  (0/at)u, u, = (O lax )u, etc. W e  suppose th a t the non-

linear term F  is a  smooth function in its arguments around the origin and satisfies

(1.2) F(2) =  0 ( 4 )  near /1 = 0

with some integer m > 2, where /1 = (u,u t , u , , u , , , u „) .  For simplicity, we assume
that f ,g E  C ,3° (R ). c is  a  small positive parameter.

There a re  m any studies on global existence of solutions to  th is  type of
equations, and  here w e recall som e know n results briefly. For n-space dimen-
sional cases with nonlinear terms of m th  degree as in (1.2), Klainerman—Ponce
([111) and Shatah ([151) show ed that if  n(m —1) 2 1(2m ) > 1, then there exists a
unique global solution, provided that e is sufficiently small. This condition means
that nt > 4 when n = 1, m  > 3 when n = 2, 3,4 a n d  in  > 2 when n > 5. For the
case n = 3,4 an d  nt = 2, Klainerman ([9]) and Shatah ([16 ]) proved independently
the global existence of the solution for small e. K lainerman used the "method of
invariant norms" to get a  decay estimate of the solution, which was first found to
be useful in the study of nonlinear wave equations (see [81). O n the other hand,
Shatah used the method of normal forms to eliminate the quadratic parts of the
nonlinear terms and  go t the  sufficient decay estim ate . W hen n = 2  and in  = 2,
Georgiev—Popivanov ([4]) and Kosecki ([121) proved the  global existence of the
solution, assuming that the quadratic parts of the nonlinear terms satisfy certain
special c o n d itio n s . F o r  g en e ra l n o n lin ea r te rm s w ith  m  =  2  i n  two space
dimensions, Simon—Taffin ([171) and Ozawa—Tsutaya—Tsutsumi ([141) proved the
global existence for sm all e ,  a n d  show ed that the solution approaches a free
solution as t + o o .  In [14], they combined the methods of normal forms and of
the invariant norm s to get the  result.
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