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Let X(r, o) be a one-dimensional -[arkoff process defined on a probability
space (2, , P). For any positive real and any e 2 we can define a measure,
(., t, 0), on R, the real numbers, by

(0.1) g(A, t, o) LM{r" X(z, o) e A, 0 _-< r < t},

where LM represents Lebesgue measure. Trotter [3] showed that if X(r, o)
is Brownian motion, then, for almost all o, g(., t, o) has a continuous density
function, i.e., there exists a function L(x, t, o), defined for all x e R and all
positive t, continuous jointly in x and t, such that

(0.2) t(A, t, ) f L(x, t, ) dx

for every Borel set A. L(x, t, o) is called the "local time" at x up to time t.
In this paper we investigate the following problem" For t a given Borel
measure on R, when will (., t, ) have a continuous 0-density, i.e., when
will there exist, for almost all , a function L(x, t, oo), defined for all x e R
and all positive t, continuous jointly in x and t, such that

(0.3) t(A, t, ) f L(x, t, oo)O[dx}

for every Borel set A? We shall show that such an L(x, t, ) will exist, for
almost all o, whenever the transition probabilities of X(r, o) satisfy certain
conditions (involving 0). In particular, we shall show that if X(r, ) is a
stable process of index a, 1 < a =< 2, then, for almost all 0, there will exist
a function L(x, t, ) satisfying (0.2). Since Brownian motion is a stable
process of index 2, this offers a new proof of Trotter’s result.

1. Preliminary material

The purpose of this section is to explain briefly certain concepts arising
in the theory of Markoff processes which will be used in later sections.

Received July 17, 1962.
This paper is a revised version of a thesis presented to the faculty of Princeton

University in June, 1962 in partial fulfillment of the requirements for the degree of
Doctor of Philosophy. The author wishes to express his gratitude to Professor G. A.
Hunt, not only for suggesting the problem but also for giving most generously of his
time during its solution, and to Professor H. Trotter, whose many suggestions greatly
simplified the presentation and proof of the results of this paper. Finally, I would
like to thank the National Science Foundation for supporting me throughout my three-
year stay at Princeton.

19


