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Introduction

This paper is concerned with relations in general categories. MacLane [1],
Puppe [2], Hilton [3] considered the abelian case; namely, the categories of
relations extending abelian categories. In order to develop a general theory
which still includes the classical case, we need some structure to insure the
existence of a good factorization of morphisms; it seems that the bicategory
structure in the sense of Isbell [4], Semadeni [5] is adequate. By imposing
this structure, we include the classical counterpart in the form of categories
with images. Moreover, since a category can generally be made into a bi-
category in several ways, the choice may be of importance. To obtain a reas-
onable system it is likely that only few conditions on the chosen type of cate-
gory (finitely complete [6] bicategories) may be relaxed.

For completeness some facts about bicategories are established. Relations
are introduced and composition defined using the set-theoretical relations as a
natural model. Associativity is shown to befalse inthe general case. Theasso-
ciative case is characterized by a categorical form of the Ore conditions in semi-
groups and rings. However, in the general exposition associativity is not as-
sumed and it seems that even the nonassociative case can be handled for some
purposes. Functors and extensions are considered. In the last section con-
gruences are introduced and a regularity property is proved for congruences
with respect to group-like structures.

The content of this paper was essentially a part of the Ph.D. thesis of the
author at the Hebrew University in Jerusalem. The author enjoys the op-
portunity to express thanks to his supervisor Professor S. A. Amitsur.

We denote the class of morphisms A — Bin @ by € (4, B). | €| denotes the
class of objects of €. (Co-) Retractions are (left-) right-invertible morphisms.
A produet of 4, B in @ is usually denoted (4 X B, 74, m3) and the unique
morphism ¢ into A X Bsuch that 7, ¢ = £ 75 ¢ = n1is denoted by {£,7}. We
denote a pullback

by lv,u’”y£l°

(0.1) A bicategory is a category € with a structure consisting of two sub-
categories 9 and $ such that the elements of 9 are monics, those of 8 are epics;
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