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Let R be a commutative ring and 4 a Galois extension of B with abelian
group G of exponentn. Then A is a rank one projective R[G]-module and is a
free R[G]-module iff A has a normal basis. If R is connected, and contains
1/n and a primitive n-th root of unity, then R[G] decomposes into the direct
sum @R; of copies of R (as rings), so that as R[G]-module, A = @®A;, a
direct sum of rank one projective R-modules. In this paper we first show
(Theorem 1) that in this situation this decomposition makes A into a kind of
generalized group ring with nicely deseribed G-structure, so that if all the A;
are isomorphic to R, i.e., A has a normal basis, then 4 is a projective group
algebra.

We then give two applications of Theorem 1. In Section 2 we investigate
for central Galois extensions the relationship between Theorem 1 and a
similar result of Kanzaki, to obtain a description of central abelian extensions
with normal basis.

The set of isomorphism classes of all Galois extensions of R with abelian
group G which are R-algebras forms an abelian group, with a subgroup
consisting of classes of extensions which have normal basis. In Section 3 we
use Theorem 1 and a result of G. Garfinkel and M. Orzech to compute the
group of Galois extensions modulo those with normal basis when R and G
satisfy the hypotheses cited above.

I wish to thank M. Orzech for suggesting some useful improvements.

0. Definitions and notation

All rings have units. A commutative ring R will be called connected if it
has no idempotents but 0 and 1.

Let A be a ring, G a finite group of automorphisms, and B = A, the fixed
ring of G. Assume R is contained in the center of A. Then A is a Galois
extension of B with group G if there exist 23 -+ n, %1 * -+ ¥n in A so that
Z; z;0(yi) = 081, for all ¢ in G. This particular choice of definition of
Galois extension is equivalent to several other standard conditions (since
[CHR 1.3(b) & (¢) & (d) (e) = (a)] remains valid). In particular, 4 is a
separable R-algebra [D1, Theorem 1].

If A, A’ are Galois extensions of R with group G, we say A and 4’ are iso-
morphic as Galois extensions if there is an R-algebra isomorphism of A onto
A’ which is at the same time a G-module homomorphism.
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