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ON CONVOLUTION SQUARES OF SINGULAR MEASURES

BY

SADAHIRO SAEKI

A classical result of Wiener and Wintner [6] asserts that there exists a singu-
lar probability measure/ on the circle group T such that (n) o(I.
as n - o for every e > 0. Such a measure/ has the property that/A2 * is
absolutely continuous and its Radon-Nikodym derivative with respect to
Lebesgue measure belongs to LP(T) for all positive real numbers p (cf. [2] and
[5]). In the present paper, we shall construct a singular probability measure #,
with support having zero Lebesgue measure, such that 2 has uniformly con-
vergent Fourier-Stieltjes series.

Let 2 be the normalized Lebesgue measure on T and let Z be the additive
group of integers. We denote by Co(Z) the space of all functions on Z (i.e.,
two-sided sequences) that vanish at infinity. A mapping of Co(Z) into itself is
called continuous if it is continuous with respect to the supremum norm of
Co(Z). Our result can be stated as follows.

THEOREM. Let K be a measurable subset ofT having positive Lebesgue meas-
ure, and let p be a continuous mapping of Co(Z) into itself. Then there exists a

sinoular probability measure on T satisfying these conditions"

(a)
(b)

supp # K and 2(supp #)= O;
E:--- I()" ()()1 <
The Fourier-Stieltjes series of 12 converges uniformly.

In order to prove this theorem, we need some notation and lemmas. For
f C(T), we define

IlfllA= E If(n) and Ilfllv=sup
t-- N

N

Notice that the set of all f C(T) with IIf[l < (or IIf[l < o) forms a
Banach space (cf. [3]). Givenf L(T), letf2} =f, fand let suppfdenote the
closed support of fi Throughout the following lemmas, we fix an arbitrary
continuous mapping of Co(Z)into itself and write (P)= p2. (p)for
P Co(Z). We begin with improving Lemma 3.2 of [5] by applying K6rner’s
idea in [4].

Received April 24, 1978.

(C) 1980 by the Board of Trustees of the University of Illinois
Manufactured in the United States of America

225


