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ALMOST EVERYWHERE CONVERGENCE OF
CONVOLUTION POWERS IN LI(X)

KARIN REINHOLD-LARSSON

Introduction

This paper is concerned with the behavior of weighted averages induced by
a probability measure on the integers. Let (X,/3, rn) be a probability space
and z: X X an invertible measure preserving point transformation. A
probability measure/z on Z, the integers, gives rise to the weighted average

If(x) E tx(k)f(’rkx)
k

The powers of the operator/zf are defined by the convolution powers of the
measure

[d,nf( X ) E ]d’n( k ) f( ’l’kX )
k--

where, on the right hand side, txn(k) denotes the nth convolution power of/z
evaluated at k. Note that since

(fl nf(x)l" dm(x))
1/p

kZ

l/p

these operators are well defined a.e. and are positive contractions in all
LP(X), 1 < p < o. Bellow-Jones-Rosenblatt [2], [3], [5] studied these types of
averaging operators as well as more general types of weighted averages. They
proved these operators converge in norm whenever the support of/x is not
contained in a coset of a proper subgroup of Z. In addition they proved [3]
that if the measure is centered and has finite second moment then there is
convergence almost everywhere in LP(X) for all p > 1. Their method
is based on Fourier techniques that could not be extended to L1. V. I.
Oseledec [14] proved convergence almost everywhere in L for symmetric
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