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This paper is a study of a particular case of the following question:

Let K be a subset of a finite group H. Suppose that another finite group G
contains H in such a way that the centralizer in G of any element of K is con-
tained in H. Then what can we say about the structure of G? In particular
for given H and K, are there infinitely many simple groups G satisfying the
above condition?

So far no general solution nor general method to attack this problem has
been found. The purpose of this paper is to give an answer to this question
in the very special case that H is a cyclic group of order 4 and K consists of
its generators. The result of this investigation may be stated as follows:

Let @G be a finite group containing an element 7 of order 4. If 7 commutes
only with its powers, then either G contains a normal subgroup of index 2
which does not contain , or G contains an abelian normal subgroup G, of odd
order such that the factor group G/@G, is one of the following groups: SL(2, 3),
SL(2, 5), LF(2, 7), or the alternating groups As or A7 .

1. Throughout this paper G stands for a finite group which satisfies the
following condition (*):

(%) @ contains an element 7 of order 4 such that 7 commutes only with
its own powers.

We shall use the letter V to denote the subgroup of G generated by =, and
T stands for the subgroup of V generated by the involution + = =°.

PropositioNn 1. Let S be a 2-Sylow subgroup of G containing V. Then S
1s generated by m and another element p with one of the following five relations:

N p=1, pmp =17

@2 p=r1 pmp =10

@) P =r(mz2), mr =p;

@ P =rmz2), mr' =p'r

B) p=1.

Proof. By assumption the centralizer of V in S coincides with V. Hence
V contains the center of S. In particular T is the only normal subgroup of
order 2in 8. If S = V, we have the last case (5). We now assume that
S # V. The normalizer of V is therefore of order 8. If [S:¢] = 8, we have
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