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1. Introduction
Let A be an n-square complex Hermitian matrix, and let xl, ---, xk be

an orthonormal (o.n.) set of vectors in the unitary n-space V. In this
paper we consider the following two functions"

(1.1) (x, xk) I=1 (Axs, xs),

(1.2) (zl ,..., zk) E2((Axl, Xl), (Axe, xk)), k <= n.

E2(yl, y) is the second elementary symmetric function of the indicated
variables. The problem is to determine the extreme values of the functions
and k as the vectors Xl, xk vary in V subiect to the restriction

(x, x) .
To do this, we examine the structure of extremal sets x, x in terms of
invariance under A. We shall consistently use the term "extremal set" to
denote a set of extremal vectors, i.e., vectors for which the extreme values
of and occur. The problem of the minimum for when A is nonnegative
Hermitian has been solved by K. Fan [4] and later generalized by Amir-Moz
[1]. The maxima for both and are contained in [7]. The minimum for
k, again with A nonnegative Hermitian, has been solved by A. Ostrowski by
means of Schur-convex functions [8]. In this paper we will assume that A
has both positive and negative eigenvalues. The usual techniques do not seem
to generalize readily from the case of positive matrices.

2. Invariance results
LEMMA 1. If A is nonsingular, then an extremal set for spans a k-dimen-

sional invariant subspace of A.

Proof. By the continuity of the inner product it is clear that we may
select y, y satisfying (yi, y’) ij such that

(2.1) min (yl, y).

Received October 18, 1956.
The work of the first two uthors was prtially sponsored by the United States

Air Force Office of Scientific Research. The work of the first author ws partially com-
pleted under an NRC-NBS Postdoctoral Research Associateship 1956-1957 t the
tional Bureau of Standards, Washington, D.C. The work of the third author ws spon-
sored in prt by the National Research Council of Canada.

This proof is similar to that of Lemm 1 of [7] in which A is assumed positive defi-
nite Hermitian.
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