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DIAMETER RIGIDITY OF SPHERICAL POLYHEDRA

WERNER BALLMANN anp MICHAEL BRIN

1. Introduction. The diameter rigidity question considered in this paper is mo-
tivated by the rank rigidity problem for spaces of nonpositive curvature. The rank
of a complete, simply connected spdcef nonpositive curvature is greater than or
equal to 2 if every geodesic segmentins contained in an isometrically embedded,
convex Euclidean plane. The rank rigidity problem asks for a classification of such
spaces, at least when the isometry groupy @ large.

Recall that a topological space is called a polyhedron if it admits a triangulation.
A polyhedron with a length metric is called Euclidean (respectively, spherical) if
it admits a triangulation into Euclidean (respectively, spherical) simplices. Here a
Euclidean (respectively, sphericabsimplex is ak-simplex A such thatA with the
induced length metric is isometric to the intersectiorkeaf 1 closed half-spaces in
R¥ (respectively, closed hemispheresst in general position. We are interested in
the rank rigidity of simply connected Euclidean polyhedra of nonpositive curvature
and of rank greater than or equal to 2. We expect them to be Euclidean buildings or
products. The rank rigidity for diri = 2 is not difficult and is contained in [BB,
Section 6].

For a Euclidean polyhedrori and p € Y, we denote bys,Y the link of Y at p,
that is, the set of directions at Clearly,S,Y is a spherical polyhedron, and, if
has nonpositive curvature, then the injectivity radiusSgt is =. Furthermore, if
the rank ofY is greater than or equal to 2, thépY is geodesically complete and
has diameterr. Hence, for din¥ = 3 the link X = S, Y is a geodesically complete,
compact, 2-dimensional spherical polyhedron of diameter and injectivity radius
The aim of this paper is to classify such spa&esiere are examples of geodesically
complete compact spherical polyhedra of diameter and injectivity radius

1.1. Spherical building.If X is a spherical building, theX carries a natural
metric, for which the apartments are unit spheres. For this metric, the diameter and
injectivity radius ofX arex. If Y is a Euclidean building of dimension> 2 with the
natural metric, then every geodesiclinis contained in an isometrically embedded,
convex Euclideam-space. The link of a vertex iH is a spherical building of dimen-
sionn —1, which has injectivity radius and diameter An rn-dimensional buildingk
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