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A HILBERT SPACE OF DIRICHLET SERIES AND
SYSTEMS OF DILATED FUNCTIONS IN L2(0, 1)

H/KAN HEDENMALM, PETER LINDQVIST, AqD KRISTIAN SEIP

1. Introduction. The purpose of this paper is twofold. First, we study systems
of functions of the form qg(x), o(2x), qg(3x),..., and second, we consider the
Hardy space H2 of the infinite-dimensional polydisk. Building on ideas of Arne
Beurling and Harald Bohr, we find that the two topics are intimately connected,
the common feature being the use of Dirichlet series.

Let tp L2(0, 1) be given and consider tp as defined on the whole real axis by
extending it to an odd periodic function of period 2. The Riesz-Fischer theorem
of Fourier analysis states that for tp(x)= / sin(nx) the sequence q(nx),
n 1,2, 3,..., is an orthonormal basis in the Hilbert space L2(0, 1). The ques-
tion raised in this paper is which functions can take the place of the sine in this
theorem. It is clear that the statement must be weakened, because the only
orthogonal bases are obtained from tp(x)= C sin(nx). If we instead ask for a
classification of those p for which the system {o(nx)}n is a Riesz basis (a basis
orthonormal with respect to an equivalent norm) or of those o for which the
same system is a complete sequence in L2(0, 1), we are led to profound problems.
The latter of the two problemsmthe completeness problem--was stated by

Beurling in his seminar on harmonic analysis in Uppsala in 1945. A brief note
from this seminar is found in [1]. Beurling’s note indicates that a natural way to
approach these problems is to associate to the given function

q(x) anv sin(mrx)
n=l

the Dirichlet series

SO(s)

_
a,,n- (1-1)
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and to try to express the Riesz basis and completeness properties in terms of
analytic properties of Sq(s). This approach has proved fruitful. We have solved
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