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ON COEFFICIENT PROBLEMS FOR
UNIVALENT FUNCTIONS AND
CONFORMAL DIMENSION

LENNART CARLESON AND PETER W. JONES

1. Introduction. Let D and D* denote respectively the open unit disk and
{z: Izl > 1). In this paper we introduce some new tools, one of which we call
conformal dimension, to study coefficient problems for the classes

S f a,,z": f is univalent on D and IIf Io 1
n=l

82 z + b.z-"’f is univalent on D*
n=l

For the class S {f= z + Zn=2 anZn: f is univalent on D}, de Branges [2] has
proved the Bieberbach conjecture, la, < n. For $1 and $2 the exact decay rate is
unknown. (In the classical literature, $2 is called E.) For f $1 the area of f(D) is
bounded by rr, and consequently, [a,I < n-1/2. For f $2 the estimate Ib.I < n-1/ is
also true; this is known as the area theorem. (See Duren [8].) One might guess that
these estimates mean the coefficient problems for $1 and S are closely related, and
we shall see that this is so.

Iff S, we can obtain an upper estimate for the size of a, by writing the Cauchy
estimate

(1.1)
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The same estimate is valid for b, when f e S if we simply replace the integral mean
above by I(f’, 1 + 1/n). This philosophy was first used by Littlewood to show
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