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NUMERICALLY POSITIVE LINE BUNDLES ON AN
ARAKELOV VARIETY

MINHYONG KIM

In this paper, we prove a variation on the "arithmetic ampleness" result of
Gillet-Soul6 I-8], giving a numerical criterion for the existence of arithmetic sections
of high powers of a metrized line bundle on an Arakelov variety. Our result differs
from those of Faltings I-4] and Gillet-Soul6 in that many sections of small norm
that are linearly independent on the generic fibre are shown to exist, assuming
numerical positivity.

In the first part, we prove, for concreteness, our result on an arithmetic surface.
This allows, furthermore, for easy comparison with an entirely similar result for a
fibred algebraic surface over a field proved in the second part, stressing again "the
analogy between function fields and number fields" in the spirit of Weil [17]. (This
section was suggested by B. Mazur.)
Our theorem turns out to be an easy consequence of the "successive minima"

theorem from Minkowski’s geometry of numbers [2] in the number field case and
of Mahler’s non-archimedean transcription of Minkowski [11] in the function field
case. We use as well, of course, Riemann-Roch theorems in an arithmetic and a
geometric context. Special attention is called to Remarks 2 and 3 of Section 3 in
which we discuss the case of the relative dualizing sheaf cox/s.

In the final section, we indicate the line of proof for higher dimensions.
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1. Let X be an arithmetic surface over the ring of integers R in a number field
F; i.e. X is a regular scheme, proper and fiat over S Spec(R) of relative dimension
one. We further assume that the (smooth) generic fiber Xe is geometrically irreducible
of genus 9 > 1.
For each archimedean place v of F, choose an embedding tr: F C associated to

v and denote by Xv the analytic space associated to the complex points ofXv x v C,.
As in Faltings [4-1, we can choose a basis {ol, o92, 09o} of holomorphic differ-
entials on Xv orthonormal with respect to the inner product
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