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LP-ESTIMATES ON FUNCTIONS OF
THE LAPLACE OPERATOR

MICHAEL E. TAYLOR

0. Introduction. Our goal is to study L?-continuity of certain functions of the
Laplace operator on a complete Riemannian manifold with bounded geometry. To
be specific, let M be a complete Riemannian manifold of dimension n. We make the
following hypotheses on M:

0.1) M has injectivity radius > 26 > 0,

0.2) M has C* bounded geometry.

As is well known, (0.2) implies an exponential bound on the volume growth of balls.
We assume a bound of the following form, where {(r)* = (1 + r2)/2#:

(0.3) vol B,(r) < C<ryte™

for some x > 0, for the volume of a ball B,(r) of radius r centered at a point p € M.
For example, (0.3) holds, with u = n, whenever Ricy, > —(n — 1)x?; some refine-
ments of this can be found in §4 of [4]. Let A be the Laplace operator on M; we
assume

0.4) spec(—A) c [4, ©)  on L*(M)
for some 4 > 0, and set

(0.5) H=-A—-A, L=H"

Then, for a continuous function f, f(L) is defined by the spectral theorem. If f is
bounded, then f(L) is bounded on L?(M).

The main result of this paper is a sharp version of a sufficient condition for f(L)
to be bounded on L?(M), derived in Theorem 3.4 of [4]. To state the result, we
denote

0.6) Q, = {ieC:|Imi| < W},
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