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EXTENDING FUNCTIONS FROM SUBMANIFOLDS
OF THE BOUNDARY

DANIEL BURNS, JR., AND EDGAR LEE STOUT

Introduction.

Given a smoothly bounded domain D in a complex manifold 917, and given a
smooth submanifold T' of 4D, it may happen that for every smooth function f
on T, there is a holomorphic function F on D with smooth boundary values that
agrees on I' with f. We have not specified the notion of smoothness; each speci-
fication gives rise to a separate problem.

In this paper, we deal with the real analytic case. Let D be a strictly pseudo-
convex domain in 9 with €° boundary. Define a real analytic submanifold
T of M that is contained in 9D to be an analytic interpolation manifold (relative
to D) if every real analytic function on Z is the restriction to = of a function
holomorphic on some neighborhood of D. (The neighborhood depends on the
function, of course.) Our main results are two characterizations of analytic
interpolation manifolds:

TarorREM 1. T is an analytic interpolation manifold if and only if T,(Z) C
T,€(8D) for every p € Z.

Here T,(Z) is the tangent space to T at p, and T,°(dD) is the maximal complex
subspace of T,(dD).

TuEOREM 2. Z 4s an analytic interpolation manifold if and only f there
exists a complex submanifold 9 of a neighborhood of D such that . M D = Z.

In order for 2 to be an analytic interpolation manifold, there should obviously
be no tangential Cauchy-Riemann equations induced on = from 9, i.e., T,(Z)
should be totally real: If J is the almost complex structure on 7T,(917), we must
have T,(Z) N JT,(Z) = 0. Any Z satisfying the differential condition of
Theorem 1 is totally real and hence has real dimension not more than m — 1,
m = dim¢ M. Indeed, if 0 = &€ T,(Z) N JT,(Z), then there are local vector
fields ¢, £ on 9N tangent to = along =, and tangent to 0D along oD, with £’ =
£, 8" = Jt . Then [¢, £, € T,(Z) C T,°(8D). Thus, if p is a strictly
plurisubharmonic defining function for aD (cf. §1 below), one has

i09p(’, ') = —id(3p)(¥, &)
= —it'(@p(E") + i’ (3pE)) + 9p(E, &),
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