ON A THEOREM OF TORD HALL

W. K. HAYMAN

The theorem referred to in the title is the following.

TueoreM A. [1] Suppose that u(z) is subharmonic (s.h.) in the half plane P
given by x > 0, where z = x + 1y, that u(z) < 0in P, and that

1) irllf u@x) < —M, 0<r< =,
lzl=r

Then

@ ue) < —ma(} - 12)

if larg 2| = |0] < 7/2, where A, = 4x/(x* + 8) = .705 - - .

It is tempting to conjecture that this result might hold with 4, = 1. The
corresponding inequality would be sharp as is shown, for instance, by

M2 — «) T T
o g <0<z

which satisfies the hypotheses of Theorem A and gives equality in (2) with
A, = 1for6 > 0.

We show nevertheless that such a conjecture would be false by means of the
following.

Example. There exists a function u(2) satisfying the hypotheses of Theorem A
and such that u(x) > —31M for all positive x.

We choose ¢ = 90 and a = 1/100 so that

u(re’®) =

3) 3cloge > 1/a > ¢

Let € be a small positive number and choose n = ce, § = e ‘", and set z =
<0

re’’ = x + 1y, where |6] < 7/2 and

u(2)
= —-]‘—-/"{<0+E)+alog z+g“ —tan_l(y———_l_i_e)—-tan" (—-———Ue— )}
™ 2 z2— ¢ x z
- M e+ § -1(z"'i2—‘2)}.
= ﬂ_{0+alogz_g.‘+ta,n e

Then u(z) has on the imaginary axis boundary values —M for y > 0 except
for |y — 1| £ e and boundary values 0 for y < 0 and for |y — 1| < e Also
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