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1. Introduction. Let (x,), » = 1, 2, --- , be a sequence of real numbers
contained in [0, 1). Denote by A(N, z) the number of n < N with z, < z.
The sequence (z,) is called uniformly distributed (u.d.) if N'AN, z) — =
asN — o forall0 <z < 1. (Ingeneral, (x,)is called u.d. mod 1 if the sequence
of fractional parts {z,} is u.d.) It is easy to see that (z,) is u.d. if and only if

D% sup |[INT'AWN, 2) — x| — 0.

0<z<1

Another equivalent condition is the Weyl criterion: (x,) is u.d. if and only if

def
SN(h) = N—l Zehrihzu —0

n<N

forallh & Z — {0}. (For the proof of the basic theorems see [5].) The follow-
ing theorem due to Erdés and Turdn [3] can be regarded as a quantitative
version of the sufficient part of the Weyl criterion.

Taeorem A. For any integer m>1

m

D¥sa—17+a Z 7 1Sx(®)|-

The best constants ¢; and ¢, so far have been ¢; = 17.2 and ¢, = 4.3 (Nieder-
reiter, unpublished). Much larger values were given by Yudin [9].

The purpose of this paper is to give various generalizations of this theorem
and to point out their connections with other parts of analysis. We shall
prove the following theorem.

TraeoreM 1. Let F(x) be nondecreasing on [0, 1] with F(0) = 0 and F(1) =
and let G(x) satisfy a Lipschitz condition on [0, 1], i.e. ,

G@) — G| < M |z — y|

forall0 < z,y < 1. Supposethat G(0) = 0and G(1) = 1. Then for any positive
integer m

R (e AR

T h=1

sup |F(z) — G(x)| S
08zs51

Received December 4, 1972. The second author was supported in part by ONR Contract
N00014-67-A-0321-0002.

633



