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1. Introduction. Let GF(q) denote the finite field of order ¢ = p", where p
is an arbitrary prime and n > 1. Let Q(x) denote an irreducible polynomial
of degree s over GF(q). For convenience Q(x) is assumed monic throughout
the paper.

It is well known [3; 34] that if Q(x) is irreducible of degree s over GF(g), then
Q(x” — ) is also irreducible over GF (q) if the coefficient 8 of z° ™! in Q(z) satisfics

1.1 z:jo 8" = 0.

However, if the sum in (1.1) is equal to zero, Q(z* — z) is the product of »
irreducible factors each of degree s over GF(q). The purpose of the present
paper is to describe the irreducible factors of Qx> — z) over GF(g) for an
arbitrary positive integer r. Results are known when n|r [4], [5], and we show
that [5; Theorems 5.3 and 5.4] are special cases of the results we obtain here.

The principal results of this present paper are contained in the following two
theorems from Section 5.

Let

Nl @ = 3 u)d,

1=

where u is the Mobius function, and let

é—-1
Pa,a(x) — Zoxpdi.

TuaeorEM 1. Let Q(x) be irreducible of degree s over GF(q). Let (r, ns) = d,
andletns = déand r = dr'. If Q(x) | ps.a(x), then Q(x* — z) is the product over
GF(q) of irreducibles of degree st where t divides r'. For each t dividing v’ the
number of rreducibles of degree st is

2. NGt )/t

vld
(t.d/v)=1

TaeoreM II. Let Q(x) be irreducible of degree s over GF(q). Let (r, ns) = d,
and letns = dsand r = dr’. Letr = p*l, (p,1) = Landk > 0. Let D = p*d.
If Q@) ¥ ps.a(z), then Q(x® — =) is the product over GF(q) of irreducibles of
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