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As is well known, the minimum possible number of critical values of any Morse
function on a differentiable manifold and the minimum number of cells needed
to cover a differentiable manifold are not spherical modification invariants.
It is the purpose of this paper to establish the existence of a class of n-manifolds
for which these two numbers are modification invariants. Lower bounds to the
number of such manifolds (modulo cobordism) will be given for even dimen-
sional manifolds, (Corollary 6.2). It will also be shown that these numbers
can be invariant only when they equal n -t- 1.

Unless stated otherwise, aa n-manifold M is aa n-dimensional, compact, con-
nected, smooth manifold without boundary. A cell of M is a subset of M
homeomorphic to an n-cell. The cell number C(M) of M is the minimum number
of cells needed to cover M. It may be assumed the M is covered by the interiors
of the cells. The strong category of M, Cat M, is the minimum number of
contractable open sets needed to cover M.
Note that C(M) is not necessarily equal to the minimum number of coordinate

neighborhoods needed to cover M. For example, T(2-torus) can be covered
with two coordinate neighborhoods but C(T) 3.

Let M be an n-manifold and 1: M --. R (Real numbers) a smooth function.
A point p M is a critical point of ] if for some coordinate system (xl,
about p,

OXl , OX,

and it is a non-degenerate critical point with index ), if for some coordinate system
+ z+ +(Xl ***, Xn) I(Xl, ***, Xn) constant x, x.

for some integer },, 0 < X

_
n and p (0, 0). A smooth functionXn

1: M -- R is a Morse function if all of its critical points are non-degenerate. The
image of a critical point is a critical value. Clearly for a Morse function the
critical points are isolated and thus by compactness are firSte in number, hence
the number of critical values is also finite. Let #(M) be the minimum, over all
Morse functions ] on M, of the number of critical values of 1.
THEOREM 1. I] M is an n-mani]old, then Cat M

_
C(M)

_
(M)

_
n + 1.

Proo]. That Cat M

_
C(M) is trivial. It is known that there exists a Morse

function on any n-manifold with

_
n 1 critical values [7; 44]; hence (M)

_
n 1. It remains to show that C(M)

_
(M). This result is essentially ob-

tained ia [4], however, an alternate proof will be indicated here.
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